M edical ultrasound (US) imaging, also known as echography, is one of the most frequently used frontline clinical imaging modalities and is characterized by its safety, affordability, accessibility, and real-time image display. Sound pulses, typically in the megahertz range, are sent into the body and the backscattered echoes are used to create a tomographic image. The contrast of an US image arises from local variations in the physical properties of the tissues, primarily density and elasticity, revealing tissue structures at depth.
The blood flow of a living organism contains essential information related to tissue function and pathology. However, as blood is a fluid composed of plasma and blood cells that are similar to each other acoustically, the scattering of sound from blood is very weak compared to surrounding tissue structures. Consequently, it is difficult to detect vessels that are smaller in size than the pulse length, as the echoes from blood are completely masked by the neighboring tissue response. While for big vessels it is still possible to obtain hemodynamic information due to the weak scattering of blood cells, in general, the signal-tonoise ratio (SNR) is poor and the information content is limited.
To overcome the limitations of conventional US, gas bubbles of micrometer radius can be introduced into a patient's bloodstream as agents for contrast enhanced US imaging (CEUS). Microbubbles (MBs) act as resonant oscillators and scatter US signals efficiently when excited at the frequencies used in the clinical practice, typically in the range of 1-15 MHz. They are designed to have a diameter (<7 μm) capable of passing the pulmonary capillaries (the smallest vessels in the human body) and often include a lipid shell that encapsulates a low solubility gas, so as to increase their longevity in the circulation.
The use of MBs in US imaging generates new and exciting possibilities [1] . It enables real-time imaging of blood flow with unprecedented sensitivity and resolution in both large vessels and microvasculature and provides indicators of the perfusion of organs in, e.g., liver [ Figure 1 The safety of MBs in diagnostic US has been well established. If the MB shell is coated with specific molecules, complementary to those expressed by the vascular walls during specific pathological processes such as the initiation of cancer or atherosclerosis, it is possible to bind MBs to these receptors (targeted MBs) facilitating molecular imaging for early detection and diagnosis [1] .
MBs as nonlinear oscillation systems
The equilibrium radius of an MB is a balancing act between the external pressure of the blood, the internal pressure of the gaseous core, the shell elastic properties, and the surface tension. When an US wave excites an MB, since the bubble diameter (a few m n ) is much smaller than the clinical US wavelength (hundreds of m n ), it causes a global change in the external pressure p0 that results in an oscillation of the MB associated with the emission of sound waves [ Figure 2 (a) and (b)]. As the gas core is highly compressible, the bubble radius can oscillate significantly around its equilibrium value r0 if driven at or near its resonance frequency, and this behavior is responsible for the strong scattering of the contrast agents.
MBs are inherently nonlinear oscillation systems. Even with US amplitudes of tens of kilopascal, well below those typically used in clinical imaging, the radius change for an MB is not symmetrical in the compression and expansion phases. This asymmetry is a key source of harmonic generation from MBs.
The MB oscillation and subsequent scattering is highly dependent on the US parameters, including frequency and amplitude. A variety of analytical models have been developed to describe this process, most of them assuming a time-invariant spherical bubble. The simplest is the RayleighPlesset (RP) model, which considers a shell-free bubble of polytropic gas in an 
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inviscid incompressible fluid of density . t If p3 is the liquid pressure far away from the bubble and ( ) p p t = the pressure at the bubble interface, the time evolution of the radius r is governed by rr r p p 2
where ro and r p are respectively the first and second derivatives of ( ) r t with respect to time. The nonlinear term on the left-hand side shows that bubble oscillation in response to a pressure wave is nonlinear and, for a sinusoidal excitation, the scattered signal will contain harmonics and subharmonics [ Figure 2(c) ]. This has been verified experimentally and, since the scattering from existing structures in the body is generally considered to be linear, this is the main characteristic exploited to distinguish between MBs and tissue signals.
The nonlinear behavior of an MB can be further enhanced by the presence of a shell. The RP equation has, therefore, been refined to include the effects of the shell, the surface tension at the bubble interface, the viscosity of blood, and the finite speed of sound, leading to a number of modified Rayleigh models [3] .
Detecting nonlinear scattering signals from MBs
To image the MBs in small vessels, the tissue signals need to be removed to facilitate generation of MB-specific images. While it is possible to use a high-pass filter, with a cut-off frequency between the fundamental and second harmonic (SH) frequencies, to remove the signals reflected by tissues, this approach is fundamentally limited by the transducer bandwidth. In US imaging, a short broadband pulse is required as the spatial resolution is determined by the transmitted pulse length. It is difficult to completely separate the broadband fundamental signal from its harmonics within a limited bandwidth, reducing the contrast between MBs and tissue [ Figure 2 (h)].
Multipulse acquisition
Multipulse techniques such as pulse inversion (PI) have been developed to elegantly separate the MB signals from tissue without sacrificing spatial resolution. In PI, two identical but phaseinverted pulses, as shown in Figure  2 There are a number of multipulse techniques related to PI that employ varying pulse phase or amplitude. These can be summarized through a mathematical generalization [4] . If the transmitted US wave is given by ( ) , , , , ,..., ,
where p t h represents the basic pulse, P 0 the amplitude of the wave, 0 the US angular frequency, and 0 { the phase. The changes in amplitude and phase applied to the kth transmitted pulse are indicated by .
bk The kth received wave can then be modeled as a Taylor series
where an is the weight of the nth nonlinear component and N is the model order. Given a sinusoidal , p t h the nth nonlinear component contains the nth harmonic. After consecutive transmission and reception of K pulses in the medium, the postprocessing to generate contrast specific signals can be done by a weighted sum of the received pulses
where k m is a reception coefficient that must be appropriately chosen depending on bk to cancel linear components. The transmission and reception parameters of PI, amplitude modulation (AM), and contrast pulse sequence (CPS) are given in Table 1 [4] .
While multipulse transmission reduces the imaging frame rate, this can be compensated by the emerging ultrafast imaging techniques with up to tens of thousands of frames/second [5] .
Encoded pulses
Even at moderate US amplitudes (tens to hundreds of kilo-Pascals), MBs can be disrupted. This occurs, for example, due to the negative pressure portion in the US pulse can cause the shell to expand until it ruptures. To mitigate this effect, the transmit amplitude needs to be kept low, with a consequent reduction in the SNR. Transmitting longer pulses can increase the signal energy and consequently the SNR, without increasing the peak pressures and the associated risk of 
MB destruction, but this comes at the cost of a reduced image resolution. Coded transmission techniques, such as frequency encoding (chirp), were developed for radar systems for the conflicting requirements of simultaneous high SNR and high-resolution performance. A long pulse with an embedded code is transmitted. After reception, the signal is cross-correlated with the transmitted pulse to detect and remove the code and restore the spatial resolution in a process called compression.
A nonlinear compression filter can be used to selectively extract and compress the SH from the received echo of MBs [6] . While this combination of harmonic imaging and chirp transmission improves the resolution of the technique, side lobes can appear due to the chirp compression and frequency overlapping. The method can be improved by extracting the chirp SH component in a space between the time and frequency using the fractional Fourier transform [7] . Furthermore, pulse encoding is not limited to frequency encoding (chirp) and other codes, such as Barker and Golay, can also be used.
Detecting bubble motion using nonlinear Doppler processing
The measurement of MB motion can provide insight about the flow conditions (fast versus slow) and is useful for determining whether targeted bubbles are bound or free flowing. Multipulse sequences can be used to both detect the existence of MBs, as previously described, and to provide motion information. The Doppler equation describes the frequency shift given by the relative motion between a sound source and an observer. In US imaging, it can be used to determine movement of objects such as red blood cells or MBs. For the sake of simplicity, we focus only on motion along the US propagation direction. The frequency shift of a linear scatter moving with velocity v is given by where f0 is the fundamental frequency of the transmitted pulse and c is the speed of sound. Continous wave Doppler has great velocity resolution but does not offer spatial information. This can be overcome by sending multiple pulses at a frequency fPRF and measuring the relative phase shift of the responses over time ( ), t Tz a technique known as pulsed Doppler. The Fourier transform of the Doppler signal with phase will return the frequency shift provided that the motion is slow enough to be captured at the given fPRF (Nyquist constraint).
A moving nonlinear scatter like MBs will generate both fundamental and harmonic Doppler signals of different phase shifts (e.g., SHs have phase shifts that are double that of fundamental signals). This has been used in conjunction with PI to distinguish the movement of MB from tissue [2] . As in PI, the pulses used to generate the Doppler signal are sent with a phase shift of r between consecutive pulses, so that the phase shift in the consecutive echoes from a moving linear scatterer has an additional r ,
where
is the time shift due to target motion. The additional r due to pulse inversion will shift the spectrum of the Doppler signal for a linear target by a factor of / . f 1 2 PRF On the other hand, it does not affect the even harmonics emitted by a nonlinear target, as can be seen through decomposing the nonlinear signals as in ( 
Artefact reduction for contrast detection
CEUS suffers from various imaging artefacts [8] , and signal processing algorithms have been developed to reduce them. One type of common artefact arises from the nonlinear distortion of the transmitted US pulse as it propagates through tissue and MB clouds, generating harmonics. The degree of the nonlinear distortion depends on both the US amplitude and the medium. These propagation harmonics are subsequently reflected by tissues and then misclassified as MBs. This is commonly referred to as a nonlinear propagation artefact and can be observed below the vessel wall in Figure 3(a) . Among the different techniques developed to mitigate such artefacts, the method in [9] uses a signal processing approach, where the nonlinear tissue artefact is estimated based on two simultaneously acquired images: 1) the B-mode image that contains mainly tissue signals and 2) the contrast specific image (such as PI) that contains both MB signals and artefacts. As the artefacts originate from tissue reflection/scattering, removing artefacts means estimating and removing the tissue signals (found in the B-mode image) from the contrast specific image. As the B-mode and the contrast specific images have different point spread functions (PSFs), direct subtraction does not work. In [9] , the tissue scatterer distribution (TSD) is first estimated by deconvolving the B-mode image with the measured linear PSF of the system, and the artefact is then estimated by convolving the TSD with the measured nonlinear PSFs. Figure 3(a) and (b) shows the original and corrected PI images in a flow phantom (i.e., an artificial model of human vessels embedded in tissue). The MB signal from a small vessel [indicated by arrows in Figure 3 (a) and (b)] buried within tissue artefacts prior to correction has been revealed.
Another common image artefact is due to the attenuation of the US [8] , especially from the probe-skin interface and patient-specific, spatially heterogeneous attenuation, which often introduces a vertical shadow in the image [see the arrow in Figure 3(c) ]. Correcting this attenuation is crucial for blood flow quantification using CEUS. In [10] , an algorithm has been developed to correct attenuation artefacts with the prior knowledge that Image processing and analysis CEUS data encompasses both spatial and temporal information. MB signals in US image sequences can indeed be analyzed over space and time to derive valuable information, e.g., arterial blood flow fields, microvascular morphology, or tissue perfusion indices, in cardiovascular diseases and cancer, for instance.
Perfusion quantification
A unique feature of MBs as contrast agents is that they can be deactivated (destroyed) by using high amplitude (but still safe) US pulses. It enables a wellcontrolled local input function (step function) and offers the means to study local microflow dynamics through a technique referred to as destruction reperfusion analysis [11] . A high-amplitude US destruction pulse is transmitted to wipe out MBs within a region of tissue and subsequent low-amplitude US imaging pulses are then used to observe the replenishment of MB signals. Examples of myocardium reperfusion are shown in Figure 4 
Superresolution imaging
MBs provide an opportunity to reveal extra structural information of the vasculature with far more details than what the diffraction limit of US might suggest. As previously discussed, the nonlinear properties of the MBs facilitate their detection with very high sensitivity so that an individual MB can scatter signals far above the noise floor of the US system. Borrowing ideas from similar approaches in optical superresolution microscopy, it has been shown that by localizing the detected two-dimensional signals from individual MB, using simple spatial filtering tools, vessels <20 μm can be delineated; see Figure 4 (b). This is much smaller than the diffraction limited resolution of ~100 μm in this example [12] . In the reported MB tracking techniques, it is common practice to use cross-correlation. Depending on the prior knowledge of the flow, some applications require an iterative process to refine the size of the spatial window in which the cross-correlation is calculated. There is a significant amount of literature in signal processing on target tracking that could potentially benefit this area and provide more robust and real-time tracking of flow dynamics.
Bubble tracking

Final remarks
US imaging with MBs offers exciting opportunities for revealing the structure and function of the vascular network with unprecedented sensitivity and resolution. The ongoing demand for more specific detection of MBs, together with the rich data generated in both space and time by CEUS, presents significant opportunities and challenges for the development of signal processing tools and solutions. A notable recent development in US uS imaging with MBs offers exciting opportunities for revealing the structure and function of the vascular network with unprecedented sensitivity and resolution.
imaging is the capability of imaging at a frame rate of up to tens of thousands frames/second [5] . While such ultrafast imaging technology offers great opportunities for the improvement of US imaging, especially for fast moving objects such as a beating heart, arterial flow, or a shear wave within the tissue (based on which the tissue elasticity can be quantified), it also raises significant challenges. Techniques to make full use of the GB of data acquired per second are required. There are opportunities to take advantage of the prior knowledge in both the underlying imaging physics and target tissue/ organ physiology, and to generate in real-time clinically relevant information that are yet to be fully exploited.
In addition, the complex nonlinear signals generated by MBs provide another avenue for research, as the MB signals can be influenced by many variables related to the in vivo environment, such as blood pressure, proximity to vessel wall, gas saturation, and the mechanical properties of the surrounding tissue. A better understanding of the physics and advanced modeling and signal processing techniques could lead to extracting this clinically relevant information from the MB signals. Additionally, while most clinical US imaging is still in two dimensions, three-dimensional US imaging is arriving and will create further opportunities and challenges for data postprocessing. Finally, molecular imaging using targeted MBs is another exciting area of further development, where more advanced signal processing could help detect and evaluate pathologies at their earliest stage.
